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o 1 Introduction 
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For a domain G C M", n ^ 2, let 

Id{dG) = {/ : 1^ ^ 1^ homeomorphism : f{x) = x, Vx G 1" \ G}. 



^ I Here stands for the Mobius space M" U {oo} . We shall always assume 

■ that card{M."- \ G} > 3. If i^' ^ 1, then the class of i^'-quasiconformal 

^ ■ maps in Id{dG) is denoted by IdxidG). Throughout this paper we 

! adopt the standard notation and terminology from Vaisala's book [V]. In 

particular, i^'-quasiconformal maps are defined in terms of the maximal 
dilatation as in fVl, p. 42] if not otherwise stated. The maximal dilatation 
(N ■ of a homeomorphism f : G ^ G' where G, G' C M" are domains, is 

denoted by K{f) . 

The subject of this research is to study the following well-known prob- 
3 ! lem. 

'NT 

^ ! 1.1 Problem. 1. Given a,b E G and f G Id{dG) with f{a) = b, find 

00 ' a lower bound for K{f). 

o ■ 

2. Given a,b E G, construct f G Id{dG) with f{a) = b and give an 
^ ; upper bound for K{f). 

c5 I O. Teichmiiller studied this problem in the case when G is a plane 

domain with card(M? \ G) = 3 and solved it by proving the following 
theorem with a sharp bound for K{f). 

1.2 Theorem. Let G = \ {0,1}, a,b E G. Then there exists f G 
IdxidG) with f{a) = b iff 

\og{K{f))^SGia,b), 

where SG{cL,b) is the hyperbolic metric ofG. 
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Motivated by a question of F.W. Gehring, J. Krzyz [H, Theorem 1] 
proved the following theorem. See also Teichmiiller [T] and Krushkal jKrl 
p.59]. Write B'^ir) = {x G M*" : < r} and 5" = 

1.3 Theorem. ( Krzyz IK^ Theorem 1]) For f G IdxidB^) the sharp 
bounds are: 



1/(0)1 ^/.-M log 1 ^ci (1.4) 



Vk-1 

where (i is the function defined in ^2.4\) and 



tanhP^^^MA^c, (1.5) 
for every z E B"^, where pb^ is the hyperbolic metric defined in Lemma 

The constant Ci in (11.41) is quite involved. It is hard to see how it 
behaves in the crucial passage to limit K ^ 1 . Therefore we give an 
explicit bound for this constant. 

1.6 Lemma. The constant ci in Hjl-j] ) satisfies for K > 1 

K -1 K -1 

< ci < 2- 



K+1 VK+1 

Later studies of this topic include the paper of G. Martin [M]- He 
formulated a question of the same type as Gehring did, but for general 
plane domains. This question was solved in the negative, at the same 
time by A. Solynin-M. Vuorinen |SV| and H. Xinzhong-N.E. Cho |XC| . 

Our goal here is to study the n-dimensional case. 

For any proper domain G C M" we consider the density p{x) = 
^(^^QQ^ , X E G. The corresponding metric, denoted by kc [GPJ, is called 
the quasihyperbolic metric in G. Thus for x,y E G, 

kG{x,y) = inf / pds, 
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where the infimum is taken over the family of all rectifiable curves 7 in 
G joining x to y. 

Gehring and Palka |GP| proved the following upper bound for Prob- 
lem [TTTl Presumably this bound could be improved. 

1.7 Theorem. fOR Lemma 3.1] In Problem \1.1\ ^ we can choose 
K{f) ^ exp{c2kG{(i,b)) where C2 > only depends on the dimension 
n. 
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In the case of uniform domains with connected boundary, a lower 
bound was given by the second author in |VU1| . see Theorem 13.21 below. 
For the case of the unit ball this problem was studied by G.D. Anderson 
and M. K. Vamanamurthy |AV| . who found the following counterpart for 
Theorem 11.31 for dimensions n > 3. Note, in particular, that they use 
here the linear dilatation and that an additional symmetry hypothesis is 
required. They conjectured on p. 2 of |AV] that the result also holds 
without this additional hypothesis. 

1.8 Theorem. JAV^ For f e Id{dB'^) with the linear dilatation H{f) = 
K (cf. /B P- W we have 

1/(0)1 ^ci, 

where ci is as in ljil.4\ ) provided that f satisfies a certain symmetry hy- 
pothesis. 

The goal of this paper is to prove the following theorem where no 
extra symmetry hypotheses are required. 

1.9 Theorem. If f E /c/i^(9S"), then for all x E B"" 

PB"{f{x),x) ^ log^ — a = v?i//f,„(l/\/2)^ 
a 

where p^n is the hyperbolic metric defined in Lemma \2.1\ and ^pK,n is as 
in lEM). 

1.10 Theorem. If f E IdxidB''), then for all x E B'',n > 2, and 
K E [1, 17] 

\f[x)-x\<^-{K-l). (1.11) 
For n = 2 and K > 1 we have 

\f(x)-x\^^{K-l), 6^4.38. (1.12) 

The theory of i^'-quasiregular mappings in ]R",n > 3, with maximal 
dilatation K close to 1 has been extensively studied by Yu. G. Reshet- 
nyak [R] under the name "stability theory". By Liouville's theorem we 
expect that when n > 3 is fixed and K ^ 1 the i^-quasiregular maps 
"stabilize", become more and more like Mobius transformations, and this 
is the content of the deep main results of |R] such as [HI p. 286]. We have 
been unable to decide whether Theorem 11.91 follows from Reshetnyak's 
stability theory in a simple way. V. I. Semenov [S] has also made signif- 
icant contributions to this theory. For the plane case, P. P. Belinskii has 
found several sharp results in |Be| . 

Finally, it seems to be an open problem whether a new kind of stability 
behavior holds: UK > 1 is fixed, do maps in IdxidB"') approach identity 
when n oo? Our results do not answer this question. This kind of 
behavior is anticipated in [AVVl Open problem 9, p. 478]. 



3 



2 Preliminary results 

We shall follow the terminology of [V], where for instance the moduli of 
curve families are discussed. For the hyperbolic metric p^n of the unit 
ball our main reference is [B]. In the next lemma we give a useful 
estimate (12.31) for it. Some applications of (|2.3I) were given in |VU2l 
pp. 141-142]. Very recently, Earle and Harris |EH| have given several 
applications and extended this inequality to other metrics such as the 
Caratheodory metric. 



2.1 Lemma. For x,y e B"^ let t = ^{1 - |x|2)(l - \y\^). Th 



en 



. ^2 PB" {x,y) \x-y\^ 
'""^ = \x-y\^ + t^ ' 

\x-y\^2 tanh = , ''^ ' ^' , (2.3) 

where equality holds for x = —y. 

Proof. For ((221) see [B p. 40], for 1^ see [VU2l (2.18), 2.27]. □ 

Next, we consider a decreasing homeomorphism /x : (0, 1) — > (0, oo) 
defined by 

, , TT %(r') . dx , 

ur =--^, X(r) = / , 2.4 
^ 2 Xir) ^ Wo V(l-x2)(l-r2x2) ^ ' 

where X{r) is Legendre's complete elliptic integral of the first kind and 
r' = Vl - r'^, for all r G (0, 1). 

The Hersch-Pfiuger distortion function is an increasing homeomor- 
phism '■ (0, 1) — > (0, 1) defined by 

cpKir)=f^-\f^ir)/K) (2.5) 

for all r G (0, 1), i^' > 0. By continuity we set v^x(O) = 0, v^x(l) = 1- 
From (12. 4p we see that /i(r)/i(r') = (|) and from this we are able to 
conclude a number of properties of (fK- For instance, by |AVVl Thm 
10.5, p. 204] 



ifKiry + ifi/Kir'y = 1, r' = VT^, (2.6) 
holds for all > 0, r G (0,1). 

2.7. Proof of Lemma [TS By [AVVl (5.27)] we have for ?/ > 



1 - tanh^ y < Jl- tanh* y < (y) < 4:6"^ 
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With 



\J K + 1 

V = loff —= = 2artanh(l / VK) 



this inequality yields 



K~l VK-1 K-1 



K+1 ^ VK + 1 VK+1 



2.8. The Grotzsch and Teichmiiller rings. The Grotzsch and 
Teichmiiller ring domains Rg{s),s > 1, and RTit),t > 0, are doubly 
connected domains with complementary components {B , [sei,oo)) and 
([— ei, 0], [tei, oo)), respectively. Their capacities capi?G('S) and cap i?T(^) 
are often used below. The Grotzsch capacity 7„(s) = capRois) is a de- 
creasing homeomorphism 7„ : (1, cxd) — > (0, cxd) see |VU21 p. 66], |AVV 
Section 8]. The Teichmiiller capacity Tn(t) = cap-Rr(i), is a decreasing 
homeomorphism : (0, oo) (0, oo) connected with 7„ by the identity 

r„(t) = 2i-"7„(v/rTt), t > 0. (2.9) 



Given E,F,G C M" we use the notation A{E,F;G) for the family 
of all curves that join the sets E and F in G and M{A{E, F; G)) for 
its modulus, see |Vl Chapter I]. Then r„(t) = M(A(E,F;M")) where E 
and F are the complementary components of the Teichmiiller ring and a 
similar relation also holds for 7n(s). 

We use the standard notation 

^KAr) = .y (2.10) 

7nH^7n(l/r)) 

Then (pK,n '■ (0, 1) — > (0, 1) is an increasing homeomorphism, see |VU2l 
(7.44)]. Because 72(l/r) = 27r//i(r) by [VU2l (5.56)], [E], it follows that 
VK,2{.f) is the same as the function v^_ft'(r) in (|2.5p . 

2.11. The key constant. The special functions introduced above will 
have a crucial role in what follows. For the sake of easy reference we 
give here some well-known identities between them that can be found in 
|AVV| . First, the function 



defines an increasing homeomorphism r]K,n '■ (0, oo) (0, oo) (cf. |AVVl 
p. 193]). The constant (1 — a)/a, a = V5i/_ft:,n(l/v^)^, in Theorem 11.91 can 
be expressed as follows for > 1 

(1 - a)/a = vkA^) = T-\Tn{l)/K) . (2.13) 
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Furthermore, by fl2.6p 



VK^t) = ' = V>K,2{VW+t)) (2-14) 

and 

??i^,2(l)e(e-(^-^),e''(^-^)) (2.15) 

where b = (4/7r)X(l/y2)2 = 4.376879... Note that the constant X{K) 
in |AVVl 10.33] is the same as r]K,2{^) ■ In passing we remark that P. P. 
Belinskii gave in [Bel Lemma 12, p. 80] the inequality 

for K close to 1 , however, with an incorrect proof as pointed out in 
|AQVu[ (3.10)]. Because this inequality is one of the key technical esti- 
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mates of IBel. it is fortunate that this error was detected and a correct 



proof was later found (see [ AQVu- Corollary 3.7]). 

For the proof of Lemma [2.241 we record a lower bound for fi/K,n{r) . 
The constant A„ G [4, 2e"~^) is the so called Grotzsch ring constant, see 
[AVV] . 

2.16 Lemma. f /FFTl 7.47, 7.50]) Forn>2,K>l, and < r < 1 

¥^i/i.,n(r) > A^V, /? = KV(n-i), (2.17) 

> 21-/3^-/3 > 2i-^K-^ . (2.18) 

In the next lemma we consider two strictly increasing continuous func- 
tions p, q : [1, oo) — > (0, oo) such that p(l) < g(l) and that the opposite 
inequality p(xi) > g(xi) holds for some xi > 1 . In the first part of the 
lemma we find, for the given functions, a concrete value e > such that 
p{x) < q{x) for all X G [1, 1 + e) . In the second part of the lemma we 
apply an iterative method with l + e as a starting value to find the largest 
number a G [1 + Xi) such that p{x) < q{x) for all x G [1, a) and show 
that a > 17 . 

2.19 Lemma. 1. For all m,n ^ 1 there is M > 1 such that the 
inequality 

log(2"^~™+^x"^' - 1) ^ (2m log 2 + 2n){x - 1) (2.20) 

holds for X G [1,M] with equality only for x = 1. Moreover, with 
t = {m log 2 — n)/ (2n) , M can be chosen as 



M 



[m - 1) log2 + log ( 1 + 
n 



{n+m log 2)^ 
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2. Letp{x) = log(2™^-™+ix"^-l), q{x) = (2mlog2 + 2n)(a; - 1) and 
let us use the above notation. Let = M and a„+i = p'"^ {(l{cin)) 
for n ^ 1. Then the sequence an is increasing and bounded. If 
a = lim^^oo fln then the inequality 1^2. 2Ch) holds for x E [I, a] with 
equality iff x E {1, a}. For m = 3 and n = 2 we have a > 17. 

Proof. Let 

u{x) = (mx-m+l) log 2+nx log x, v{x) = log(e"(^)-l) = log(2™^-™+ix"^ 
Then we have 

= (log(e"<')-l))"=(!^M£!^!^' 

(M"(x)e"(^) + (M'(x))2e'^(^))(e"W - 1) - e"^^))^ 
(e«W - 1)2 

"""^"^ {{u"{x) + (n'(x))2)(e"(") - 1) - (M'(x))2e"(")) 
(M"(a;)(e"(") - 1) - 



(e«W - 1)2 

^u{x) 



Thus 



(e«W - 1)2 
v"{x) ^ ^ M"(x)(e"(") - 1)< {u\x)f. 



Since 

e"(^) = 2"^^-™+ix'^^ u'{x) = n + m log 2 + n log X, u"{x) = - 



n 



X 

we have 

71 



f"(x)^0 ^ -(2'"^-™+^x"^ - 1) ^ (n + m log2 + nlogx 
therefore f"(x) ^ is for x ^ 1 equivalent to 

^mx-m+i^nx ^ I <^ + m\og2 + nlogx)^ 
n 

Let f{x) = 2™^~™'+ix"'^ — 1 and g{x) = ^{n + mlog2 + nlogx)^. Both 
functions / and g are increasing on [1, +oo) and /(I) < g{l) because 

/(I) = 1 ^ n = - - n^ < -(n + mlog2)2 = ^(1). 

n n 

By the continuity of / we can conclude that there is M > 1 such that 
/(M) ^ ^(1). For such M 

f{x)^f{M)^g{l)^g{x), xG[1,M]. 
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This implies that v is concave on [1, M] and therefore 

v{x) ^v{l)+v\l){x-l), xG[1,M] 

i.e. 

log(2'"^-'"+V^ - 1) ^ (2mlog2 + 2n)(x- 1), x G [1,M]. 

The inequality f\x) ^ g{l) is equivalent to 

/ M 1 ^ f (n + mlog2)^\ , , 
[mx — m + 1) log 2 + nx log x ^ log ( 1 H j . (2.21) 

Because 

{mx — m + 1) log 2 + nx \ogx ^ {mx — m + 1) log 2 + ?7,x(a; — 1) (2.22) 
the inequality (12.2ip is a consequence of the inequality 

/ (rfl-i- ifjl loff 2)^ \ 

(ma;-m + l)log2 + ra(a;-l) ^ log 1 + ^ . (2.23) 



n 

In (12.221) the equality sign holds only for x = 1. Because 

(n + m log 2)^ 
1 + >1 + — = l + n^2 

n n 

the inequality (12.23^ is a strict inequality for x = 1. By this reason, the 
greater root of the quadratic equation 

, , / (n + mlog2)^ 
{mx — m + 1) log 2 + nx(a; — 1) = log I 1 H 

is greater than 1. If we denote this root with M the inequality (12.2ip 
holds for X G [1, M] with equality only for x = 1. The first part of Lemma 
is proved. 

Now we prove the second part of the inequality. Both of the functions 
p{x) and q{x) are continuous and increasing. Consequently r(x) = p^^(x) 
is continuous and increasing. Because 

p{ai) = q{ao) > p{ao) 

using monotonicity of p{x) we can conclude that Oi > Oq. Now, by 
induction and monotonicity of r we can conclude that the sequence a„ is 
increasing. Now for x G [a„, a„+i) we have 

p{x) < p(a„+i) = g(a„) ^ q{x). 

Therefore the inequality p{x) < q{x) holds for x G o-n+i) = 

[ao, a) and using what was already proved, we see that the inequality 
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p{x) < q{x) holds for the whole interval 1 < x < a. For x ^ 1 we see 
that mx — m + 1 > 1 and x"-^ ^ 1 and consequently 

p{x) = log(2™^-™+^x"^ - 1) > log(2x"^' - 1) ^ nxlogx. 

Because p{x) > nxlogx ^ (nlogx)(a:; — 1) the inequality p{c) > q{c) 
holds for c such that ralogc ^ 2m log 2 + 2n. It is easy to check that it 
is true for c = 2~e^. It implies that a is finite (for example a < 2~e^) 
and a„ is bounded. The relation p(a„+i) = g(a„) and the continuity of 
both functions shows that limp(a„+i) = p{a) = q{a) = limg(a„) . The 
lower bound for a follows because a^Q > 17 . □ 

2.24 Lemma. Ifa = (fi/K,ni'^/V^Y is as in Theorem ] 1.9\ then for M > 1 
and (5 e [1,M] 

log < log{Xl^^-'h^ - 1) < Vin){P - 1) (2.25) 

with V{n) = (21og(2A2))(2A2)^^-i and for K E [1, 17], 

\og(^—^] ^ (ir-l)(4 + 61og2) < 9{K-1), (2.26) 



a 

with equality only for K = 1. For n = 2 and K > 1 

-(^)--(^)-<-^' 

where b = {4:/n)X{l/V2)^ < 4.38 . 
Proof For /? G [1, M] we have by (l2T7ll 



log < log(A^(^-^)2/^ - 1) . 



Further, we have 



2\A/-1 



The second inequality follows from the inequality log(t) ^ t — 1 and the 
third one from Lagrange's theorem and the monotonicity of the function 
(21og(2A2))(2A2)^-i. This proves l^2B- 

From (12.18P it follows that the constant a satisfies the inequality 



a > 22(i-^)if-2^(l/v^)2i^ 



and also 

1/a < , K>1. 
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By Lemma [2 .191 we have 

log(2^^-2ir2^ - 1) ^ (4 + 61og2)(ir-l) 

for K E [1, 17] with equality only for = 1. Now, from 
1 — a 



a 

we conclude that 



log ( - — - ) ^ (4 + 61og2)(ir- 1) < 9{K-1). 



a 



For the case n = 2 we can apply the identity (12.141) and the inequality 
in ^JSi). 

□ 



3 Proof of Theorem 11.9 



Lemma 13.11 and Theorem 13.21 deal with the first part of Problem II. 11 



3.1 Lemma. |VU1| Let f E IdxidG), a,b E G, f{a) = b, and let the 



boundary dC be connected. If x E dC is such that d{a) = d{a, dG) 
\a — x\ ^ |6 — x|, then 



a — x\J oJn-i n"- 

The following result was proved in |VU1| . however, under the con- 
dition that the points are far away from each other. The general case 
follows from the original result by reducing the constant. In |VU1| . an 
example was given to the effect that Theorem 13.21 cannot be improved to 
the claim that a,b E G, kda, b) > implies K{f) > 1. 

3.2 Theorem. jVUl] Let f E IdxidG), a,b E G with f{a) = b. If G is 
a uniform domain with connected boundary dG , then 

Kif)^dr,kG{a,br 

where dn depends only on n and G. 

3.3. Proof of Theorem \lM Fix x G 5" and let denote a Mobius 
transformation of M" with Tx{B'^) = i?" and Tx{x) = 0. Define g : 
M" — ^ M" by setting g{z) = o / o T'^iz) for z G 5" and g{z) = z for 
z E R"\5". Then g E /rf7^(95")with ^(0) = T^(/(x)). By the invariance 
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of p^n under the group QA4{B"-) of Mobius selfautomorphisms of 5" we 
see that for x E 

=pB"(T,.(/(x)),T,.(a;)) =pB"(^7(0),0). (3.4) 

Choose z e such that ^(0) G [0, 2] = {tz : ^ t ^ 1}. Let E' = 
{-sz : s ^ 1},T' = A{[g{0),z],E';R-) s^ndT = Aig-^[giO),z],g-'E';R^) 
Observe that E' = g~^E' because g G IdxidB"-) . 

The spherical symmetrization with center at yields by |AVVl Thm 
8.44] 

M(r) ^ r„(l) (= 2i-"7„(v^)) 
because g{x) = x for x G M" \ -B". Next, we see by the choice of T' that 

^ ' -yi-\g{0)\J 
By i^'-quasiconformality we have M(r) ^ M(r') implying 

exp(pB"(0,<7(0))) = |^[^|°|[ ^ t-\t^{1)/K) = i^. (3.5) 

The last equality follows from (I2.13p . Finally, (13. 4p and (13. 5p complete 
the proof. □ 

3.6. Proof of Theorem [TTOl We have 

\fix)-x\ ^ 2tanhf^^"(^(^^'^^') ^ 2 tanh ^^"^ ^"^^ 



< 2 tanh 



(ir-l)(4 + 61og2) 



^ (ir-l)(2 + 31og2) ^ ^(ir-1). 

The first inequality follows from (12. 3p , the second one from Theorem 11.91 
the third one from Lemma 12.241 and the fourth one from the inequality 
tanh(t) ^ t for t ^ 0. 

For n = 2 we use the same first two steps and the planar case of 
Lemma [2.241 to derive the inequality 

\f(x)-x\^^{K-l). □ 



A lower bound corresponding to the upper bound in (II. lip is given 
in the next lemma. 
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3.7 Lemma. For f G Id{dG) let 

6{f)^snp{\f{z)-z\:zeG}. 
Then for f G IdK{dB''),K > 1, a = 

> (l-a)a"/^'""^ > (3.8) 

Proof. The radial stretching / : 5" B"',n > 2, defined by f{z) = 
\z\''-^z,z G 5", (0 < a < 1) is /sT-qc with a = fsfi/Ci-") fy', p. 49] and 
/ G /dx(<95") . Now we have 

1/(2) — z| = — z\ = |r" — r|, |2;| = r. 

Further, we see that 

6{f) = sup (r" - r), 

0<r<l 

1 

where the supremum is attained for r = = (^) so 

= (1 - . 
A crude, but simple, estimate is 

□ 

3.9 Theorem. Let f : — > R" be a K-qc homeomorphism with 
/(oo) = 00 and B"{m) C C 5"(M) w/iere < m < 1 < M. 

T/ien 



^l/A',n 

anc? 



(1^ 


x\ 


1) 




\x\ 





m + \ f{x)\ ^ f 1 + \x\ 
^ r]K,n 



M-\f{x)\ ^ \l-\x\ 

for all X G -B"" where rjK,n{t) = {Tnit) / K) . 
In particular, if m = 1 = M, then we have 

fl+jx\\ l + \fix)\ 

Proof. The proof is similar to the proof of Theorem ll.9[ Fix x G -B" 
and choose z' G 9/(5") such that /(x) G [0,z'] and [/(x),z') C /(5") 
and fix z" G df{B") such that 2;',0,z" are on the same line, G [z',^;"], 





\x\ 


1) 




\x\ 
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and {-sz" : s ^ 1} C M" \ . Let T' = A{[f{x),z'],E']: 
E' = {-sz" : s ^ 1} and r = A{f~^[f{x),z']J-^E';W). Then 



m + \ f{x)\ 



M-|/(x)|. 

while applying a spherical symmetrization with center at the origin gives 

M(r) ^ r„ 





\x\ 






\x 


1) 



because / ^E' connects 95" and oo. Then the inequality M(T) ^ 
KM{T') yields 



1 - |a;|y - " \M-\f{x)\ 



1 + 


a; 


1 - 


\x\ 



K VI - \A) ~ M- \f{x)\ 



m + I f{x)\ f 1 + \x\ , , , 

^' ^r/;^,n ^ ^ . (3.10) 



M- |/(x)| Vi - \A 

The lower bound follows if we apply a similar argument to and the 
lower bound 

M(r')>r/^''+l^<^'l 



m - 



□ 



3.11. Remark. Putting a; = 0, m = l = Min (j3.10l) we obtain by 
(12.131) for a K-(\c homeomorphism / : M" — > M" with /(oo) = oo and 
/(5") = 5" that 



1/(0)1 <l-2a,a = ^i/K,n{l/V2f . 
Further, if we use the lower bound (I2.18p from Lemma 12.161 we obtain 

1/(0)1 < l-2^-H^~^K~^^ . 
In the special case when n = 2 we have 

1/(0)1 < i-2^i^-K)K~2K ^ (2 + 31og2)(ir- 1). 

Note that this last inequality does not suppose that / G IdxidB"-) , only 
the hypotheses of Theorem 13.91 are needed. 
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3.12 Corollary. Letn = 2 in addition to the hypotheses of Theorem \3.S[ 
Then 



VK,2it) = = — , (3.13) 

1 — 

where u = ipK,2 (^5^)' ^ = '^i/k,2 (7^) (ind 



2 



|/(x)|^2^^,2l A/i^l -1 (3.14) 



for all X E 



Proof The identity (ITT31 ) holds by ( 12141) . Next Theorem 1331 together 
with (I3T311 yields 

l + |/(a;)| ^ 
l-|/(a;)| ^ 

where w = ipK,2 ■ Solving this for |/(x)| yields (I3.14p . □ 

3.15 Remark. By the i^'-quasiconformal Schwarz lemma if f : — y 
B^ is i^'-quasiconformal with /(O) = then |/(^)| ^ ^k,2{\z\), for all 
z E B'^, where the sharp bound is attained for a map with f{B'^) = B^ 
( |LV| ). Note that in Corollary l3.12l the condition /(O) = is not required. 
We conclude that 



ipK,2{r)<2ipK,2{^^y-l. (3.16) 
Writing A{r, s) = (l3T6l ) says that if t = 1, r G (0, 1) then 

It seems natural to expect that this inequality holds for all t,r E (0, 1) . 

Acknowledgement. The research of the second author was sup- 
ported by the project "Quasiconformal Maps" nr 209539 of Matti Vuori- 
nen funded by the Academy of Finland. 
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